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EWMA Control Chart

® The exponentially weighted moving average (EWMA) control chartis also a
good alternative to the Shewhart control chart when we are interested in
detecting small shifts.

® The performance of the EWMA control chart is approximately equivalent to
that of the cumulative sum control chart, and in some ways it is easier to set
up and operate. As with the cusum, the

® EWMA is typically used with individual observations



The EWMAControl Chart
for Monitoring the Process Mean

The exponentially weighted moving average is defined as:

g = A +(1-4)z

® where o <A<1isaconstant

the starting value (required with the first sample ati=1) is
the process target, so that z_ =

Sometimes the average of preliminary data is used as the starting value-of
the EWMA, so that z_=x

The weights A(2 - A)/ decrease geometrically with the age of the sample
mean.

The weights sum to unity



Some properties of EWMA chart

® Sine the weights decline geometrically when connected by a smooth curve,
the EWMA is sometimes called a geometric moving average (GMA)

® Since the EWMA can be viewed as a weighted average of all past and
current observations, it is very insensitive to the normality assumption. It is
therefore an ideal control chart to use with individual observations.

® Anexample:
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The centre and control lines

The EWMA Control Chart

UCL:yﬂ+LU\/ .

(2_11][1—(1—,1)2"] (9.25)

Center line =

LCL:yn—LJ\/ A [1-(1-2)"] (9.26)

(2-2)

® We will discuss how to select L and A shortly



An example

data for the Cusum Example

. . Sample, i (a) x; b x; — 10 () C; = (x; — 10) -

Set up an EWMA control chart with A = 0.10 and L = 2.7 to the data in Table 9.1.7 >r YT -y
2 7.99 =20 =2.56
3 929 =071 =3.27
4 11.66 1.66 =1.61
5 1216 26 0.55
fi 1018 A 0.73
7 #.04 —1.96 =1.23
# 11.46 146 0.23
g9 9.0 {180 =057
10 10.34 .34 —0.23
11 9.03 —0.97 =1.20
12 11.47 1.47 0.27
13 10,51 .51 0.78
14 9.40 —{0.60) 014
15 1008 0% 0,26
16 9.37 =063 =0.37
17 1062 0.62 .25
18 10,31 .31 .56
19 #52 =1.4% —,92
20 1054 .84 .08
21 10,90 .90 082
22 9.33 =67 015
23 1229 2.29 2.44
24 11.50 1.50 3.04
25 100600 60 4.54
26 1108 1.08% 5.62
27 1038 (.38 .00
28 11.62 1.62 7.62
29 11.31 1.31 893
30 10.52 .52 .45



The EWMA control calculations

EWMA Calculations for Example 9.2

Subgroup, i * = Beyond Limits x; EWMA, z; Subgroup, i * = Beyond Limits x; EWMA, z;
1 0.45 9.945 16 9.37 0.98426
2 7.99 9.7495 17 10.62 10.0478
3 9.29 9.70355 18 10.31 10.074
4 11.66 0.8992 19 8.52 0.91864
5 12.16 10.1253 20 10.84 10.0108
6 10.18 10.1307 21 10.9 10.0997
7 8.04 0.92167 22 9.33 10.0227
8 11.46 10.0755 23 12.29 10.2495
9 9.2 9.98796 24 11.5 10.3745

10 10.34 10.0232 25 10.6 10.3971
11 0.03 0.92384 26 11.08 10.4654
12 11.47 10.0785 27 10.38 10.4568
13 10.51 10.1216 28 11.62 10.5731
14 0.4 10.0495 29 11.31 10.6468*

10.08 10.0525 30 10.52 10.6341*




Explanation

Recall that the target value of the mean is 1, = 10 and the stan- To 1llustrate the calculations, consider the first observation.,

dard deviation is ¢ = 1. The calculations for the EWMA con- xy = 9.45. The first value of the EWMA is
trol chart are summarized in Table 9.10, and the control chart L
g =Ax; +(1-24)z

(from Minitab) is shown in Fig. 9.7. .
=0.1(9.45) + 0.9(10)

=9.945

Therefore, z; = 9.945 is the first value plotted on the control
chart in Fig. 9.7. The second value of the EWMA is

— 0.1(7.99) + 0.9(9.945)
=90.7495

The control limits in Fig. 9.7 are found using equations
(9.25) and (9.26). For period i = 1,

|I A 2i
UCL=,u0+Lcs_‘||7(2_l}[1—(1—l} ]
— 0.1 (1-0.1)2®
_1D+2.?(1}¥f{2_0_”[1 (1—0.1) ]
=10.27
and
LCL = Lo |—2 [1—(—a)*
o 0.1 C(1—o0 12
—10 2.?(1}1#1'{2_0_”[1 (1-0.1)*"]

=973
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Steady State values of control limits

® Theterm[1-(2- A)2']in equations (9.25) and (9.26) approaches unity as i
gets larger.

® This means that after the EWMA control chart has been running for several
time periods, the control limits will approach steady-state values given by:

—

h |
U{-_L = jf.n + !.-'IT |
V(2-4)

|
LCL=pu,- Lo |

V(2-4)

® For better performance, for small values of i, the earlier mentioned
equations should be used



Design of the EWMA control chart

® The design parameters of the chart are the multiple of sigma used in the
control limits (L) and the value of A.

® Itis possible to choose these parameters to give ARL performance for the

EWMA control chart that closely approximates cusum ARL performance for
detecting small shifts.

= TABLE 9.11

Average Run Lengths for Several EWMA Control Schemes
[Adapted from Lucas and Saccucci (1990)]

Shift in Mean L = 3.054 2.998 2.962 2.814 2.615

(multiple of o) A =040 0.25 0.20 0.10 0.05
0 500 500 500 500 500
0.25 224 170 150 106 84.1
0.50 71.2 48.2 41.8 31.3 28.8
0.75 28.4 20.1 18.2 15.9 16.4
1.00 14.3 11.1 10.5 10.3 11.4
1.50 5.9 5.5 3.5 6.1 7.1
2.00 3.5 3.6 3.7 4.4 5.2
2.50 2.5 2.7 2.9 3.4 4.2
3.00 2.0 2.3 2.4 2.9 3.5

4.00 1.4 1.7 1.9 2.2 2.7



Inertia Effect

® There is one potential concern about an EWMA with a small value of A.

® If the value of the EWMA is on one side of the center line when a shift in the
mean in the opposite direction occurs, it could take the EWMA several

periods to react to the shift, because the small A does not weight the new
data very heavily.

® This is called the inertia effect. It can reduce the effectiveness of the EWMA
in shift detection.




Signal Resistance

® Signal Resistance of a control chart to be the largest standardized deviation
of the sample mean from the target or in-control value not leading to an
immediate out-of-control signal.

® For a Shewhart chart, the signal resistance(SR) is SR(x)=L(the multiplier
used for calculating control limits)

® |tis constant

® Forthe EWMA chart, the SR is defined as:

[ A
L. ﬁ—{l — A)w

A

SR(EWMA) =

® Where w is the required EWMA statistic



Using combination of EWMA and Shewhart chart

Like the cusum, the EWMA performs well against small shifts but does not react to
large shifts as quickly as the Shewhart chart.

A good way to further improve the sensitivity of the procedure to large shifts
without sacrificing the ability to detect small shifts quickly is to combine a
Shewhart chart with the EWMA.

These combined Shewhart-EWMA control procedures are effective against both
large and small shifts. When using such schemes, it is helpful to use slightly wider
than usual limits on the Shewhart chart (say, 3.25-sigma, or even 3.5-sigma).

It is also possible to plot both x, (or ) and the EWMA statistic z, on the same control
chart along with both the Shewhart and EWMA limits. This produces one chart for
the combined control procedure that operators quickly become adept at
iInterpreting.

When the plots are computer generated, different colours or plotting symbols can
be used for the two sets of control limits and statistics.




Extension of EWMA- Fast initial response feature

® Itis possible to add the fast initial response (FIR) or headstart feature to the
EWMA.

® As with the cusum, the advantage of the procedure would be to more
quickly detect a process that is off target at start-up.

® Two approaches are suggested:

® Set up two one-sided EWMA charts and start them off at values midway between the
target and the control limit

® Use asingle control chart but narrow the time-varying limits even further for the first
few sample points an exponentially decreasing adjustment to further narrow the limits,
so that the control limits are located a distance of

ifaﬂ'{(]—(l—lf)'””:" l})\lj.%[p(l—i)“]}

° around the target



Continued....

® In the second method f and a are to be chosen

® One thumbruleis: a=[-2/log(z - f) - 1]/109.
® Forexample, if f = 0.5, then a = 0.3. The choice of f = 0.5 is attractive because it mimics

the 50% headstart often used with cusums.

® Both of these procedures perform very well in reducing the ARL to detect an
off-target process at start-up. The second procedure is easier to implement
In practice.



Monitoring Variability

® Let x, be normally distributed with mean p and standard deviation o. The
exponentially weighted mean square error (EWMS) is defined as:

S7 = A — )" +(1-A)S7,

® If so represents the in-control or target value of the process standard
deviation, we could plot on an exponentially weighted root mean square
(EWRMS) control chart with control limits given by:

.2

;'Ev,nc 2

V

UCL = o, \;'

| )

LCL = 6, 22-(e2)




Continued....

® EWMS statistic can be sensitive to shifts in both the process mean and the

standard deviation.

® They suggest replacing min equation (9.27) (the equation of steady state

EWMS: vei=wm+io/o%5 )with an estimate at each pointin time.

® Alogical estimate of p turns out to be the ordinary EWMA z.. They derive
control limits for the resulting exponentially weighted moving variance

(EWMV) © 2= A(x—z) +(1- ),



EWMA for Poisson Data

If X, is @ count, then the basic EWMA recursion remains unchanged:
Ly = il'f '|'(| —A]EJI_I

® with z, =y, the in-control or target count rate

The parameters for the control chart are:

| Al 2i
UCL:;I{,+HU.\|'2_:1[I—{]—1} ]

Center line = y;,

LCL = py — ,-1!,1“||I;f—a[l _(I - ‘1]2:]

Here A, and A, are upper and lower control limit factors. In many
applications, they A =A =A

There exists charts which show values A and A for a particular chosen value



The EWMA as a predictor of Process Level

From an SPC viewpoint, the EWMA is roughly equivalent to the cusum in its ability
to monitor a process and detect the presence of assignable causes that result in a
process shift.

However, the EWMA provides a forecast of where the process mean will be at the
next time period. That is, z; is actually a forecast of the value of the process mean p
attimei+1

In computer-integrated manufacturing where sensors are used to measure every
unit manufactured, a forecast of the process mean based on previous behavior
would be very useful. If the forecast of the mean is different from target by a
critical amount, then either the operator or some electromechanical control
system can make the necessary process adjustment.

If the operator makes the adjustment, then he or she must exercise caution and not
make adjustments too frequently because this will actually cause process
variability to increase.

The control limits on the EWMA chart can be used to signal when an adjustment is
necessary, and the difference between the target and the forecast of the mean p,,,
an be used to determine how much adjustment is necessary..



Continued....

® The EWMA can be modified to enhance its ability to forecast the mean.

Suppose that the process mean trends or drifts steadily away from the
target.

® The usual EWMA equation can be written as:
z; = Ax; +(1- 1)z,
4i-1 },1( Vi =<4 1)

® If we view z,__ as a forecast of the process mean in period i, we can think of x.
- z. . as the forecast error e, for period i. So: @ =7+,

® Thus, the EWMA for period i is equal to the EWMA for period i — 1 plus a
fractlon A of the forecast error for the mean in period i. Now add a second

term to this last equation to give
4i $ie { ’J“If‘r { "1" Z('_,r
j=I



Continued.....

® where A1 and A 2 are constants that weight the error at time i and the sum of
the errors accumulated to time i. If we let Ve, = e, — ., be the first difference
of the errors, then we can arrive at a final modification of the EWMA:

i
ZE' = E,I'_I +;L]€I! +A.Jz X E’.Ii; +;|.q|?€:
j=l

The EWMA in period i (which is the forecast of the process mean in period i +
1) equals the current estimate of the mean (z,_, estimates ), plus a term
proportional to the error, plus a term related to the sum of the errors, plus a
term related to the first difference of the errors. These three terms can be
thought of as proportional, integral, and differential adjustments.

The parameters A1, A2, and A3 would be chosen to give the best forecasting
performance.



The Moving Average Control Chart

Both the cusum and the EWMA are time-weighted control charts. The
EWMA chart uses a weighted average as the chart statistic. Occasionally,
another type of time-weighted control chart based on a simple, unweighted
moving average may be of interest.

let xa, x2, . . . Denote individual collected observations. The moving average
of span w at time i is defined as: j; _ Xt %+t Xy

W

At time period i, the oldest observation in the moving average set is
dropped and the newest one added to the set.

The variance of the moving average M. is:

V)= V(r)-my To'-T

W j=i-w+l W j=i-w+l W



Control Limits

® Therefore, if u, denotes the target value of the mean used as the center line
of the control chart, then the three-sigma control limits for M. are:

UCIL. = iy + —

v
e o 3



An example

ata for the Cusum Example

Sample, i (a) x; (b, — 110 (e) C; = (x; — 1) -
1 9.45 .55 .55
2 7.99 =201 ~2.56

) ) . 3 G929 071 =327
Set up a moving average control chart for the data in Table 9.1, using w =5, ! 1166 166 161
5 1216 2.6 0.55
f 1008 018 0,73
7 #.04 =1.96 =1.23
# 1146 1.46 0.23
9 9.0 ~{180) .57
10 10.34 0134 =023
11 9.03 097 =1.20
12 11.47 1.47 027
13 10,51 .51 074
14 9.40 ~{1.60) 0.18
15 10,08 0.0% 0.26
16 9.37 163 -0.37
17 1062 .62 0.25
1% 100,31 031 .56
19 8.52 =1.48 =092
M) 1084 .84 .08
21 10,90 090 082
22 9.33 .67 015
23 12.29 229 2.44
24 11.50 1.50 394
25 10,60 0160 4.54
26 11.08 1.08 562
27 1038 .38 .00
28 11.62 1.62 1762
29 11.31 1.31 893
30 1052 .52 9.45



Solution

e observations x; for periods 1 <i <30 are shown in Table 9.14. for periods i = 5. For time periods i < 5 the average of the
he statistic plotted on the moving average control chart will be observations for periods 1, 2, ..., i is plotted. The values of
these moving averages are shown in Table 9.14.

X:+X: {+---+X;
— i i—1 i—4
M; =
5
= TABLE 9.14
Moving Average Chart for Example 9.3

Observation, i X; M; Observation, i X; M;
1 9.45 9.45 16 9.37 10.166
2 7.99 8.72 17 10.62 9.996
3 9.29 8.91 18 10.31 9.956
4 11.66 9.5975 19 8.52 9.78
5 12.16 10.11 20 10.84 9.932
6 10.18 10.256 21 10.9 10.238
7 8.04 10.266 22 9.33 9.98
8 11.46 10.7 23 12.29 10.376
9 9.2 10.208 24 11.5 10.972
10 10.34 9.844 25 10.6 10.924
11 9.03 9.614 26 11.08 10.96
12 11.47 10.3 27 10.38 11.17
13 10.51 10.11 28 11.62 11.036
14 9.4 10.15 29 11.31 10.998
15 10.08 10.098 30 10.52 10.982




Continued....

The control limits for the moving average control chart may
be easily obtained from equations (9.39) and (9.40). Since we
know that g = 1.0, then

UCL=;1U+3TG=IO+%=H.S4
w
and
3G 3(1.0) .
LCL = pty -~ = 10— 2= = 8.66

Jw V5

11.3416

8.65836

O 5 10 15 20 25 30 BMFIGURE 9.8 Moving average control
Observation chart with w = 5, Example 9.3.



